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Space-time events are characterized by their coordinates x from the classical
point of view. The same events from the quantum-mechanical point of view
should be described rather by the expectation value of coordinates (X >. The
expectation value could be evaluated by introducing a density operator p(x,x”")
associated with the event. In the case where p(x,x’) cannot be described by
delta functions strictly monochromatic radiation does not exist. If localizability
is limited by Planck’s length there are no narrower spectral lines than =2 X
102 E2 (eV) where E stands for the photon energy.

The space-time event P(x,a) is completely described from the classical
point of view by spatial and temporal coordinates x={r ¢}, where 7=
{r,r»r;y} and by a set of parameters a = {a,} not explicitly dependent on
X, 1.e., aa_v/ax,,zo, where x = {xﬂ} and p=1,2,3,4. The same event consid-
ered from the quantum-mechanical point of view should be described by
replacing x by the operator X and using rather an expectation value (X >
in place of the classical coordinates x. The expectation value of the
operator X could generally be evaluated in the following way:

(X >=Tr(pX) (1)

where p={p(x,x";a)} stands for the density operator associated with the
event P [and therefore Tr(p)=1] and matrix elements of the operator X
may be defined as follows:

X(x,x')=x8%(x—x) )
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It is obvious that the each point x of space-time is associated with a
separate basis vector in the Hilbert space of the operators p and X. Matrix
elements of the operator 4 =pX have the form

A(x,x")= fd"x”p(x,x")X(x”,x’) =x"p(x,x") 3)

and

<X>=fd4xxp(x,x)= fd"xxp(x) 4)

where p(x) >0 and [d*p(x)=1.

For relatively narrow distribution functions p(x,«) it is practical to
evaluate p(x,a) in terms of the distributional moments. The moments are
expressed as follows:

Bt (X s0) = [d%EbEEprp(E ) 9

where £=x— (X > = (&7} ={£,£,¢5:7) and {/;,0,15,1,}=0,1,.... It is ob-
vious that goo=1 and g;,,, =0 for any /,=1. If p(§)=8%¢) all g, ,,, =0
except gooo and the classical description is restored, otherwise complete
physical information is contained in the moments.

The density operator § could be evaluated also in the energy-momen-
tum representation—namely,

ok, K o)~ [ A8 p(g. €300 KD, p(k,k)>0 (6)

where I_<={E, —w}={k,kyk;; —w} describes the wave vector. The vari-
ables k and w are not independent but connected by the dispersion
relations. For a free particle

k=k(w/)[1+2(w/w) ] (7)

where K= k/(k-k)'/? and w,=(myc?)/h, m, being the particle rest mass
and w > 0. Therefore

p(k, k') = p(i5, %' 0, (8)
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For localizable events p(£ &)= 8*%¢)8*(¢) and p(k,k’)= const but otherwise
lim, . p(w,©)=0. On the other hand p(w, w)=~const for g(xmw2<<l.

The uncertainty AT of the time interval 7T=|¢—1'| approximately
satisfies the relation AT'=(2gyg0,)'/ provided that 081,11,/ 9<X,, > =0 and
T>>(ggo02)"/> The uncertainty Aw for the inverse time interval w=27/T
follows approximately the equation Aw=|dw/dT]AT and hence Aw=
w0 8o002/ 27H]'/% For almost monochromatic radiation (m,=0) the equa-
tion w= E /A is rather well satisfied, where E stands for the average energy
of the particle within the beam and w describes the frequency of the
radiation. Hence, the energy spread AE within the beam has the approxi-
mate form

AE=E? oo/ (27°17)]"? ©)
and the relative dimensionless spread §E=AF/E has the form
232411/2
6E=E[ oo/ (27 )] (10)

For a real space-time almost devoid of matter it seems reasonable to
identify gg, With the square of Planck’s time interval (Gh)/c®, where G
stands for the gravitational constant (Wheeler, 1962; Sakharov, 1968; and
Kuchaf, 1970). In such a case

8E=E[G/(2n*hc¢%)]'*=2x 107 E (eV) (11)

For a space-time where the density operator associated with the event
coordinates has matrix elements different from 8%(x — (X »)8%x'—<(X D)
strictly monochromatic radiation does not exist.
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